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INTRODUCTION
A plasma focus (PF) creates a moving current sheath (CS) that collapses at the top of the anode (central electrode of coaxial electrode assembly) to generate radiation consisting of energetic charged particles, neutrons (for the case of deuterium), and X rays. [1] [2] [3] Connected to a capacitor bank, a plasma focus device is charged up by a high voltage pulse. The high voltage creates an electron avalanche culminating in the formation of the CS which results in voltage breakdown. This is followed by the axial run down phase, where the current increases to kilo-amperes, creating a large magnetic field that lifts and drives the CS down the coaxial electrode assembly. When the CS reaches the top of the anode, it pinches radially towards the axis. The plasma becomes highly dense and magnetized, with temperature high enough to initiate nuclear fusion (when the filling gas is deuterium) producing characteristics 2.45 MeV neutrons and creating energetic ion beams and X ray radiation.
It is well known that the structure of the CS plays a critical role in determining the radiation emission performance of a PF device. 4 The structural properties of the CS are in turn dependent on its formation dynamics during the breakdown phase. For instance, it has been shown that the current distribution of the sheath around the insulator is strongly influenced by the pressure of the filling gas. 5 A reduction of filaments and an improvement of plasma homogeneity in the CS resulted in an increase in neutron yield and the intensities of X rays. 6 CS formation and discharge initiation condition were identified as serious performance issues in large devices with mega-ampere currents. 7 As such, a detailed and accurate modeling and study of the breakdown phase are essential to improve the performance of PF device.
An electrostatic PIC-Monte Carlo Collisions model was developed by Yordanov et al. to simulate the ionization growth of the plasma during the breakdown phase. 8 A sliding discharge was initiated near the cathode back plate at some time, with a fast ionization wave propagating down the insulator. The electrostatic nature of the code, however, did not allow the simulation to progress beyond the sliding discharge, since the magnetic field rises significantly in strength upon the plasma bridging the anode cathode gap. 9 Computational studies in the radial phase using PIC modeling were also carried out. Using the electromagnetic particle in cell (EMPIC) code LSP, Schmidt et al. 10 were able to simulate neutron production which was compatible to experimental yield and the generation of high energy MeV ions during the pinch process. Their simulation was initialized by assuming a 1 mm wide plasma sheath of uniform density with a certain velocity at the end of the run down phase.
Recently, we developed an EMPIC model, with Monte Carlo charged neutral particle collisions incorporated, successfully simulated the breakdown phase of a PF configuration up to the point of voltage breakdown. 9 In that model, an input voltage with a linearly increasing voltage profile was applied across the cathode back plate and the anode. An electron avalanche principally due to electron impact ionization was observed, followed by a sliding discharge across the pyrex insulator when the electron density reached a high enough value. This sliding discharge eventually bridged the gap, resulting in a rapid rise in the magnetic field and circuit current. At this point, the electron density experienced a a) rajdeep.rawat@nie.edu.sg 1070-664X/2015/22(3)/033514/7/$30.00
V C 2015 AIP Publishing LLC 22, 033514-1 further exponential increase in value, and an upward lifting off of the sheath layer near the cathode plate was observed. The time of this lift off coincides with the beginning of further rise in electron density, corresponding to the point of voltage breakdown. When this occurs, the voltage will drop. The simulation model, with a fixed input voltage condition, is hence invalid beyond this point. Our EMPIC model has been successfully employed recently to study the dynamics of current sheath formation and the propagation of ionization waves for different insulator lengths.
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This work serves to extend the EMPIC plasma focus simulation beyond the point of voltage breakdown, physically tracing the development of the CS into the axial phase, where the latter fully lifted off the insulator. Instead of imposing a rather artificial input voltage condition, the driving circuit is self-consistently integrated with the EMPIC formulation, providing the voltage driving the device while responding electrically to the plasma dynamics at the same time. As a result, given enough computational resources and time, together with incorporating the relevant physics, the circuit integrated model in principle allows one to simulate a plasma focus device from the start all the way till the end of the radial phase. In this paper, we report on the successful implementation of our computational model to the UNU-ICTP PF device up to 200 ns. Starting from an initial seed with small number density, the simulation traced the development of the CS tin to the axial phase, where the CS begins its expansion both vertically and horizontally. The different stages of CS formation are consistent with observation, from sliding discharge to a latent period, where the CS remains more or less stationary to finally the movement of the entire CS. Both the voltage waveform across the device and the circuit current waveform were found to be consistent with experimental observations.
METHODOLOGY
The UNU-ICTP is a plasma focus device with a protruded insulator positioned around the anode at the closed end of the coaxial electrode assembly. It is powered by a single 30 lF capacitor with an operating voltage ranging between 12 and 14 kV, with an external inductance totaling about 120 nH. This device is modeled after the schematic shown in Figure 1 . The model consists of two portions. The first part is the external circuit consisting of the external capacitance and inductance, together with a parallel capacitance present in the various cabling arrangements with the PF device. The circuit integration with the PF device is the second part, where the plasma physics is being played out via a short wave guide.
Referring to Figure 1 , the dimensions of the device in this simulation are as follows: radius of anode is 10 mm, outer radius of cathode is 35 mm, length and thickness of the pyrex insulator sleeve are 26 mm and 3 mm, respectively, and the length of anode and cathode sections is 16 cm. The volume in the device is filled with hydrogen gas at 600 Pa.
The driving circuit is connected across AB. Upon initiation, a voltage pulse appears across AB and enters the PF device as a voltage wave. Updating of the circuit voltage and current is done by treating the external capacitance, inductance, and resistance as lumped elements at the input end, AB, of the device. The circuit is essentially a series RLC, with an added parallel capacitance C S to link the external driving circuit to the device. This C S accounts for the capacitance due to cables and other supporting structures. Thus, the effective lumped circuit that drives the PF device is as follows (Figure 2 ).
These lumped elements are assumed to be composed of sub-elements whose values are distributed uniformly radially between the radial locations of A and B. Thus, given N grids joining AB, each grid is loaded with inductive, resistive, and capacitive elements, whose values are, respectively, L/N, R/ N, and NC. For each radial position indexed by i, the current at the n þ 1/2 time step is computed from its value at n À 1/2 as follows:
where
RC , Q n is the charge on the capacitor at time step n, Dt is the time step, and E n r;iþ1=2 the radial electric field. The current flowing into the PF device is calculated by subtracting from (1) the current flowing through the capacitor C S , which is then used to update the localized radial electric fields along AB: In (2), b ¼ NCDr Dt and a ¼ Dt 2p 0 kr i Dz , where k is the dielectric constant of the insulator. With the radial electric fields thus obtained, the voltage across AB is merely the sum of these fields multiplied by the radial size Dr. Equation (2) mathematically integrates the circuit voltage and current with the EM fields and self-consistently couples the external circuit with the PF device.
Following the standard EMPIC updating, the EM fields in the simulation volume and particle momenta and positions are updated accordingly. A set of chemical kinetics, which reflect the dominant physical mechanisms governing the collisions of electrons and ions with neutrals, is assumed. The actual collision process that takes place for each charged particle, and consequently the change in its velocity, is determined by the Monte Carlo null collision algorithm. Emission of secondary electrons from the vertical cathode is assumed to take place through the impact of the ions and photons impinging on it. Details of all these can be found in Refs. 9, 12, and 13. This source of secondary electrons, in particularly that due to the UV photons generated from atomic inelastic excitation process in the discharge volume, is essential to cause and sustain voltage breakdown. Also, the dissociative recombination of the hydrogen molecular ions and electrons is factored in to model the CS formation more accurately for the axial phase. Within a grid cell, ions and electrons are paired up to implement the recombination process if the latter happened to take place, the effect of which is the removal of equal weights of ions and electrons from the simulation volume. The cross section for dissociative recombination was taken from Ref. 14, where the expression is given by 
where U is the center of mass energy (in eV), with reduced mass l ¼ m e M i m e þM i , and is given by
The subscripts e and i denote electron and ion, respectively.
RESULTS
Our simulation began at t ¼ 0 with capacitor C charged to a voltage of 14 kV. As the current flowed through the circuit into the PF device, the voltage across AB started to build up. The seed electrons in the volume, with number density of 3 Â 10 6 m
À3
, responded to the electric fields by being attracted to the anode. During this initial voltage building up process, very little ionization took place until the voltage across AB went beyond 800 V. The number of electrons, which was few in number, showed an initial decline as the electrons hit the walls. As the voltage crossed the 1 kV mark, ionization by electron impact led to a sharp rise in the amount of charged particles. Figure 3 shows the global averaged charged particle density, where this time dependent density is simply defined as the total number of electrons (ions) divided by the volume of the device at any given time t, together with the maximum local electron density, as a function of time.
Particle density growth profile prior and after the voltage breakdown is directly correlated with the current and voltage development in PF device, whose profiles are shown, respectively, in Figures 4 and 5. Voltage breakdown is clearly seen at 15.8 ns when the voltage began to dip with simultaneous increase in the current (see its initial rise in Figure 5 ).
Prior to voltage breakdown, the voltage across the device essentially followed the RLC model with the PF device appearing as a capacitor. During this period, the electrostatic fields governed the particle dynamics, with an increasing charged particle density reflecting the effect of electron impact ionization. As the global averaged electron density reached 10 8 cm
, space charge effects became nonnegligible. A sliding discharge was initiated when the local electron density above the insulator and close to the vertical cathode reached about 10 12 cm
. This discharge moved along the insulator surface and closed the anode cathode gap, leading to voltage breakdown at about 15.8 ns. At this point, the local and global electron densities both experienced further growth, as evident in both Figures 3 and 6 . At 15.8 ns, the global averaged and maximum local electron densities are, respectively, 2 Â 10 10 cm À3 and 1 Â 10 13 cm
. By the end of 177 ns, the averaged density had risen to 5 Â 10 12 cm
. The maximum local electron density is about 10 15 cm À3 into the axial phase. The simulated voltage waveform in Figure 4 shows that the voltage value dropped after breakdown, reached a minimum, rose, and oscillated around 3 kV, while the simulated current (refer Figure 5) continued to rise after the initial dip that correlated with the voltage drop. The oscillatory behavior of the voltage and current is believed to come from the secondary capacitance (1 nF) and the static circuit inductance (120 nH), yielding a period of about 10.5 ns, which caused minor oscillatory fluctuations in the global charge particle densities. Such inherent oscillations are also observed in typical UNU-ICTP experiments (see Figure 6 ), where the stray capacitance is expected to be larger than the value used in our simulations. (Note that the value of C S controls the rise time of the voltage pulse, but does not otherwise affect the essential shapes of the breakdown voltage and current profiles. Our choice of 1 nF allows PF breakdown simulation up to the point of the early axial acceleration phase when the CS begins move, all within a reasonable amount of physical simulation time.) It was thought that these experimentally observed oscillations in voltage probe signals are probably due to the strong electromagnetic noise that is generated due to high voltage breakdown across the insulator. However, our simulation results show that these oscillations in voltage and current waveform are inherent in PF device operation. As time progresses, these oscillations flattened out in what appears as a linearly rising current profile.
Some snapshots of the CS formation and development are shown in Figure 7 . Prior to voltage breakdown at 15.8 ns, the CS was undergoing the formation process as intense ionization led to a high local electron density near the cathode plate which triggered the sliding discharge. At 14.94 ns (Figure 7(a) ), the sliding discharge is working its way along the insulator surface to the anode. At 18 ns, the anode cathode gap was already closed. With the continual rise in current, the electron density entered into another phase of exponential growth. This growth stabilized at around 20 ns, as the current began its steady and oscillatory rise in value while the CS essentially appeared stationary. When the current reached above 6 kA, the magnetic field became strong enough to lift the CS off the insulator surface. This lifting off is clearly seen in the snapshot taken at 64 ns (Figure 7(c) ).
The maximum density at CS lift off is about 7 Â 10 14 cm À3 , corresponding to a 0.5% ionization. As the current continued to increase linearly, reaching about 17 kA at about 177 ns, the CS was found to shift both horizontally and vertically, albeit at a much slower time scale than during the breakdown phase. At 177 ns (Figure 7(d) ), the horizontal edge of the CS had reached the axial position of about z ¼ 4 cm.
The electron energy in the CS region evolves continuously through the progression of the breakdown phase. In the beginning, when the PF device is initiated, there are few electrons. These electrons accelerate under the influence of the applied electric field. With the increasing electric field, more and more electrons are created through impact ionization and photo-effect on the vertical cathode wall, leading to CS formation by the sliding discharge above the insulator surface. During this phase, prior to the formation of the high density CS, the mean electron energy can be very high. Figure 8 (a) illustrates the mean electron energy in the CS region at 15.24 ns, when the sliding discharge has passed 2 cm of the insulator length but prior to voltage breakdown. Below the 2 cm mark, the electron density is very high. This high density space charge generates a substantial electric field that counteracts the applied field, resulting in a relatively low electric field in this region (see Figure 8(b) ). Because of the smaller electric field (hence imparting a lower kinetic energy to the electrons), the mean electron energy between the 0.7 and 1.7 cm region, ranges from 20 to 40 eV. These values are smaller than the regions of lower electron density. At 39.27 ns, the CS attained a quasiuniform electron density of relatively high value (see also Ref. 11) . The size of the electric field in the CS at this time is around 2 Â 10 5 V/m (Figure 9 (a)) in the main sheath region, with an averaged electron energy of about 15 eV (Figure 9(b) ).
Our computed results also demonstrate that the electron energy distribution function (EEDF) before and after the voltage breakdown is non-Maxwellian. The non-Maxwellian shape of the EEDF in the initial stage of the breakdown phase is clear, since electrons are accelerated by the high electric field in the discharge volume and acquire a high electron temperature as a result. Time is needed for sufficient collisions to equilibrate this non-equilibrium state. Figure  10 (a) plots the computed EEDF against the corresponding Maxwellian density function at 15.24 ns during the formation of the CS. Here, the temperature T was chosen as the parameter to fit the Maxwellian function, 2 ffiffi
T Þ , to the EEDF. In the plot, the Maxwellian distribution (shown in dotted line) was computed with temperature of 11.5 eV and compared against the simulated EEDF, whose shape is clearly non-Maxwellian.
At 39.27 ns, nearly after 34 ns after voltage breakdown, the EEDF did not relax to a Maxwellian shape. This is demonstrated in Figure 10(b) , where the Maxwellian fitting temperature was calculated to be 1.9 eV. Our result thus shows that the equilibration time for the EEDF towards a Maxwellian state, if it happens, can be relatively long, probably in the ls scale. We believe this is reasonable, given the still low neutral gas temperature at the end of 180 ns. Equilibration is expected to accelerate with neutral gas heating. Hence, a Maxwellian EEDF should not in general be assumed to be valid when simulating the plasma focus dynamics in the post voltage breakdown phase.
A 3D color plot of the spatial distribution of the magnetic field strength H ¼
, where B is the magnetic field, shown in Figure 11 revealed clearly that the magnetic field was highly localized in the CS region. Figures 11(a) at 177 ns. The localization of the high magnetic fields from our simulation is compatible with the fact that the axial acceleration of the CS outwards is driven by high magnetic pressures in the CS region. Our self-consistent circuit coupled PF simulation thus successfully simulated the essential phenomena encountered in all PF devices, namely, sliding discharge, voltage breakdown, current rise into the kA regime, CS liftoff, CS axial movement down the discharge tube, and a high localized magnetic field in the CS region that drives the latter in the axial acceleration phase. This validates our external circuit integration method, which is applicable in general to any PF devices.
CONCLUSION
A driving circuit with the appropriate parameters to drive the UNU-ICTP PF device was successfully incorporated into the EMPIC code. Our simulations reproduced the generic oscillatory voltage waveform profile observed in ICTP experiments, thus demonstrating that these oscillations are not experimental noises. Our circuit integrated EMPIC model also correctly simulated the voltage breakdown of the PF device followed by a substantial increase in the current to kA level, accompanied by high magnetic fields behind the CS. In line with experimental observations, the CS took some time before lifting off the insulator surface and entered the axial acceleration phase. This phase is governed by a slower time scale, relative to the faster time scale that dictates the physics of the breakdown phase. Though in this paper we simulated only up to about initial 178 ns incorporating the breakdown phase and initial current sheath lift off in axial acceleration phase but the successful integration of the lumped circuit with the EMPIC platform allows a self consistent modeling of a PF device all the way to the radial collapse phase when the CS collapses radially into a high temperature plasma. Specifically, the evolution of interesting physical parameters, such as the mean electron energy and the EEDF through the different phases of the PF could 
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Seng, Lee, and Rawat Phys. Plasmas 22, 033514 (2015) be computed. Essentially, we have developed a computational model that can be used to study the effects of various breakdown conditions and geometries on sheath formation, something which would be of value to PF research.
